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Techniques developed for device-independent characterizations allow one to certify certain physical prop-
erties of quantum systems without assuming any knowledge of their internal workings. Such a certification,
however, often relies on the employment of device-independent witnesses catered for the particular property
of interest. In this work, we consider a one-parameter family of multipartite, two-setting, two-outcome Bell
inequalities and demonstrate the extent to which they are suited for the device-independent certification of gen-
uine many-body entanglement (and hence the entanglement depth) present in certain well-known multipartite
quantum states, including the generalized Greenberger-Horne-Zeilinger (GHZ) states with unbalanced weights,
the higher-dimensional generalizations of balanced GHZ states, and theW states. As a by-product of our inves-
tigations, we have found that, in contrast with well-established results, provided trivial qubit measurements are
allowed, full-correlation Bell inequalities can also be used to demonstrate the nonlocality of weakly entangled
unbalanced-weight GHZ states. Besides, we also demonstrate how two-setting, two-outcome Bell inequalities
can be constructed, based on the so-called GHZ paradox, to witness the entanglement depth of various graph
states, including the ring graph states, the fully connected graph states, and some linear graph states, etc.
I. INTRODUCTION
Entanglement [1] is a feature of quantum theory that has no
analog in classical theory. Various tasks that were thought to
be impossible in classical theory are now made possible by
utilizing this precious resource. For example, secure secret
keys between two remote parties can be established with the
help of pairs of entangled states [2]. Even an unknown quan-
tum state can be teleported [3] from one place to another intact
if one has access to maximally entangled states. These exam-
ples involve only entanglement between two parties but the
concept of entanglement goes beyond this. With more com-
plicated entanglement structures [4], such as that endowed by
the two-dimensional graph states [5], one can perform uni-
versal quantum computation [6] through a one-way quantum
computer [7]. Entanglement can thus be seen as useful re-
sources for a variety of different tasks.
To utilize the advantages of entangled states, one must first
prepare the desired entangled states relevant to the protocols.
However, imperfections always arise during the preparation
stage and, hence, one may end up having something very dif-
ferent from the desired target state. How can one be sure that
the prepared state is indeed useful for the tasks in mind? Even
if one only wishes to certify that the state is entangled, an anal-
ogous question remains, namely, how can one perform such a
certification when the measurement devices themselves may
be subjected to imperfections [8]?
Tools developed for device-independent quantum informa-
tion (DIQI) [9, 10] are tailor made to address such problems.
More precisely, the statistics derived from locally measuring
the prepared state allow one to reach nontrivial conclusions
∗ ycliang@mail.ncku.edu.tw
about the system with minimal assumptions, specifically, no
assumption about the internal workings of any of the devices
involved is needed. For instance, whenever the measurement
statistics observed in a Bell experiment show a violation of
Bell inequalities [11], one can immediately conclude that the
shared state is entangled [12]. Moreover, the amount of en-
tanglement present can be lower bounded from the violation
of Bell inequalities [13–16]. In some cases, it is even possi-
ble to certify nontrivial properties of the measuring appara-
tus [14, 15, 17–19].
Going beyond the bipartite scenario, the structure of entan-
glement can be much more complicated [4]. For example,
the entanglement may not involve all subsystems but only a
subset of them. In other words, an n-partite state that is en-
tangled may only contain k-body entanglement, with k < n.
To capture this, the notion of entanglement depth [20], which
is closely related to that of k-producibility [21], has been in-
troduced. More recently, a device-independent certification of
the entanglement depth was theoretically shown to be feasi-
ble [22] (see also Refs. [23–25]) for certain multipartite quan-
tum states, such as the family of Greenberger-Horne-Zeilinger
(GHZ) qubit states.
To produce a genuinely multipartite entangled (GME)
quantum state (one where the entanglement indeed involves
all subsystems) beyond a handful of subsystems is experimen-
tally challenging [4, 26]. Interestingly, a device-independent
certification of the presence of this strongest type of entan-
glement remains possible [12, 13], even for an arbitrary GME
pure quantum state [27]. The generic construction provided
in Ref. [27], however, apparently requires a Bell test that has
too many measurement settings, thus making it infeasible in
many practical situations.
In this work, we consider Bell inequalities that require
only two binary-outcome measurements per party and char-
acterize their ability to serve as device-independent wit-
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2nesses for entanglement depth for various multipartite pure
states, including unbalanced-weight qubit GHZ states, higher-
dimensional generalization of the GHZ states, W states [28],
one-dimensional cluster states [5] with periodic or closed
boundary conditions, as well as a few two-dimensional graph
states. For the first two kinds of states, we make use of the
one-parameter families of witnesses proposed (but never an-
alyzed) in Ref. [22]. For the graph states, we construct new
Bell inequalities based on the so-called GHZ paradox [29, 30]
and show that these inequalities can indeed be used to witness
the GME nature of (many of) these states.
The rest of this paper is organized as follows. In Sec. II we
introduce the notations used in this paper and briefly recall the
definitions of producibility and entanglement depth. Then, we
present our analysis of the generalized witnesses introduced
in [22]. We also show in Sec. III B that those inequalities
could be used to detect the genuine multipartite entanglement
of generalized GHZ states. In Sec IV we present our inequal-
ities constructed for graph states and show that the genuine
multipartite entanglement of the states can be revealed. In
Sec V we summarize our work and discuss some possible fu-
ture research directions.
II. PRELIMINARIES
A. Notations
The basis for employing a device-independent witness for
entanglement depth (DIWED) is a multipartite Bell experi-
ment where a shared quantum state ρ is locally measured to
estimate the correlation present between the observed mea-
surement outcomes. More precisely, consider n spatially
separated parties and with each of them allowed to perform
two dichotomic (i.e., binary-outcome) measurements. We de-
note the measurement choice of the ith party and the corre-
sponding measurement outcome, respectively, by xi ∈ {1, 2}
and ai ∈ {+1,−1}. We then use the n-bit vector ~x =
(x1, x2, · · · , xn) to describe the collection of measurement
settings of all parties and label their respective measurement
outcomes by ~a = (a1, a2, · · · , an). According to Born’s rule,
the probability of observing outcomes ~a given the measure-
ment choices ~x read as:
P (~a|~x) = tr
(
ρ M
(1)
a1|x1 ⊗M
(2)
a2|x2 ⊗ · · · ⊗M
(n)
an|xn
)
, (1)
where {M (i)ai|xi}ai is the positive-operator-valued-measure
(POVM) used to describe the ith party’s xith measurement.
Given the conditional probabilities, we can further define the
n-partite correlators as
En(~x) =
∑
a1,a2,··· ,an=±1
(
n∏
i=1
ai
)
P (~a|~x). (2)
In these notations, a (linear) Bell expression is defined by a
certain linear combination of conditional probabilities P (~a|~x)
with weights specified by β~x~a . By maximizing this linear
expression over all ~P := {P (~a|~x)}~a,~x in L (the Bell-local
set [9, 10]), one obtains a Bell inequality:
In :
∑
~a,~x
β~x~aP (~a|~x)
L≤ SLn = max
~P ′∈L
∑
~a,~x
β~x~aP
′(~a|~x). (3)
It is well-known [31] that regardless of the measurements
{M (i)ai|xi}ai employed and the fully separable state ρ =∑
λ P (λ)ρ
λ
1 ⊗ ρλ2 ⊗ · · · ⊗ ρλn shared, the resulting ~P always
satisfies the above inequality. Consequently, if the observed
~P gives rise to a violation of the Bell inequality In, one can
immediately conclude that the shared state ρ is entangled: this
is the observation that allows one to employ a Bell inequality
as a device-independent entanglement witness [12].
B. Entanglement depth, entanglement intactness, and their
device-independent certification
As mentioned above, entanglement in a multipartite sce-
nario is much more complicated. To this end, if an n-partite
pure state |ψ〉 can be separated into m tensor factors, i.e.,
|ψ〉 = |φ(1)〉 ⊗ |φ(2)〉 ⊗ · · · ⊗ |φ(m)〉, (4)
then it is said to be m-separable [1]. Producibility is a closely
related concept but focuses instead on the number of parties
in each subgroup: |ψ〉 is said to be k-producible [21] if the
number of parties defining each tensor factor |φ(i)〉 is at most
k-partite. For example, any n-partite state |ψ〉 is, according
to the definition given, trivially 1-separable and n-producible.
In contrast, a fully separable n-partite state is n-separable as
well as being 1-producible. These examples make it evident
that one is generally interested in the smallest k for which a
given state |ψ〉 is k-producible but not (k−1)-producible: the
quantity k is then known as the entanglement depth [20] of
|ψ〉. Likewise, one is interested in the largest m for which a
given state |ψ〉 is (m− 1)-separable but not m-separable: the
quantitym is then known as the entanglement intactness [4] of
|ψ〉. An n-partite GME state is one that has an entanglement
depth of n and an entanglement intactness of 1.
The separability and producibility for mixed states are sim-
ilarly defined. If a density matrix ρ can be written as a
convex mixture of pure states that are m-separable (respec-
tively k-producible), then we say that it is m-separable (re-
spectively k-producible), thus, the set ofm-separable (respec-
tively k-producible) states are convex. Moreover, the set of
m-separable (k-producible) states is a subset (superset) ofm′-
separable (k′-producible) set for all m′ ≤ m (k′ ≥ k). With
some thoughts, one realizes that the convexity of these sets
translates, via Eq. (1), into the convexity of the set of ~P that
can be obtained fromm-separable (k-producible) states (if we
impose no restriction on the Hilbert space dimension). The
separating hyperplane theorem then dictates that for any ~P
that does not belong to the m-separable (k-producible) set for
some fixed m (k), one can construct a linear witness to sep-
arate ~P from the corresponding set. In other words, we may
3use a Bell inequality, Eq. (3), or, more precisely, the strength
of violation of a Bell inequality to certify that a given ~P can-
not arise from any m-separable (k-producible) state for some
fixedm (k), thus putting an upper bound (lower bound) on the
entanglement intactness (depth) of the underlying state. Put it
differently, for any Bell inequality In, if one can determine
k-producible bound:
Sk-prod.n := max
~P ′∈k-prod. set
∑
~a,~x
β~x~aP
′(~a|~x), (5)
then an empirical observation of
∑
~a,~x β
~x
~aP (~a|~x) > Sk-prod.n
would certify an entanglement depth of the underlying state
that is at least k + 1. Since this conclusion holds without in-
voking any assumption about the dimension of the underlying
state ρ, let alone the measurements employed, the inequality∑
~a,~x
β~x~aP (~a|~x)
k-prod.
≤ Sk-prod.n (6)
serves as a DIWED by placing a lower bound of k + 1 on
the underlying entanglement depth. In the terminology of
Ref. [32], this means that Eq. (6) is a constraint that has to
be satisfied by a nonlocal quantum resource of minimal group
size k.
Likewise, a device-independent witness for entanglement
intactness: ∑
~a,~x
β~x~aP (~a|~x)
m-sep.
≤ Sm-sep.n (7)
can be established by determining the m-separable bound:
Sm-sep.n := max
~P ′∈m-sep. set
∑
~a,~x
β~x~aP
′(~a|~x). (8)
A violation of the witness given in Eq. (7) then allows one
to put a device-independent upper bound of m − 1 on the
entanglement intactness of the underlying state.
The concepts of m-separability and k-producibility are ev-
idently closely related. In fact, it is easy to see that [21] a
quantum state that is k-producible is necessarily m-separable
for m ≤ dnk e while a quantum state that is m-separable is
necessarily k-producible for k ≥ d nme. In particular, if we
are to determine Eq. (5) for k = n − 1, it is equivalent to
computing Eq. (8) for m = 2. Similarly, if we are to de-
termine Eq. (5) for k = 2, it is equivalent to computing
Eq. (8) for m = n − 1. Bearing this in mind, we remark
that multipartite Bell inequalities whose m-separable bounds
have been determined can already be imported to serve as DI-
WEDs. A particularly worth noting example of this is the fam-
ily of Mermin-Ardehali-Belinskii-Klyshko (MABK) inequali-
ties [33–37], whosem-separable bounds for an arbitrary value
of m < n have been determined (see Refs. [23, 24]). Turning
the argument around, we see that Bell inequalities for which
the k-producible bounds have been determined, such as those
given in Ref. [22], can also be used to certify an upper bound
on entanglement intactness.
C. Reduction for pure states
In Ref. [22], it was left as an open problem whether the
entanglement depth of an arbitrary n-partite pure state can
be certified in a device-independent manner. Here, we shall
demonstrate that the problem reduces to that of certifying
device-independently the genuine n-partite entanglement for
all n-partite GME states. To this end, let us remind that with
an appropriate choice of local bases, a multipartite pure quan-
tum state |ψ〉 can always be cast in the form of Eq. (4) for
some choices of m and {|φ(i)〉}mi=1 such that (1) m is its en-
tanglement intactness, and (2) the maximal size1 of |φ(i)〉 is
the entanglement depth of |ψ〉.
Suppose that for an arbitrary k-partite GME pure state |Ψ〉,
there exists a Bell type inequality I|Ψ〉 whose violation can be
used to certify the GME nature of |Ψ〉. Now, let |Ψ〉 be the
tensor factor of |ψ〉 which determines its entanglement depth,
i.e.,
argmax
i
size(|φ(i)〉) = |Ψ〉. (9)
Then, a DIWED that can be used to certify the entanglement
depth of |ψ〉 is given by I|Ψ〉, when applied to the subsys-
tems (i.e., the partial trace) of |ψ〉 that give |Ψ〉. If necessary,
one could trivially extend this k-partite DIWED to make it
an n-partite DIWED by lifting [38] the corresponding Bell-
inequality to involve the remaining (n− k) parties.
To this end, let us remark that the recent work of Ref. [27]
has indeed provided a generic recipe for the construction of
such a Bell type inequality for an arbitrary GME pure state.
Unfortunately, their construction requires one to perform a
Bell test that generally involves many measurement settings.
Thus, there remains the problem of finding tractable DIWEDs
for an arbitrary pure GME pure state. For the family of n-
partite GHZ states,
|GHZn〉 = 1√
2
(|0〉⊗n + |1〉⊗n) , (10)
the problem is solved using the family of MABK inequali-
ties [33–37], or the witnesses given in Ref. [22]. For a generic
multipartite pure state, however, there is no known systematic
construction that involves only a few measurement settings.
In what follows, we start by exploring the family of DIWEDs
given in Ref. [22] and its one-parameter generalization to un-
derstand its usefulness when it comes to witnessing the GME
nature of other families of states. Later, in Sec. IV, we provide
a systematic construction that allows us to witness the GME
nature of one-dimensional cluster states.
1 Here, size refers to the number of subsystems involved in the definition of
|φ(i)〉.
4III. A ONE-PARAMETER FAMILY OF DIWEDS
In Ref. [22], the following family of Bell expressions was
proposed as the first example of a DIWED:
Sn,γ := γ
2n
 ∑
~x∈{1,2}n
En(~x)
− En(~2n), 0 < γ ≤ 2,
(11)
where ~2n := (2, 2, . . . , 2) is an n-bit vector of twos. While
the analysis in Ref. [22] concerned predominantly the case of
γ = 2, we show in Appendix A 1 that Sn,γ has a local bound
of 1 for all γ ∈ (0, 2]. When n = γ = 2, Eq. (11) leads to
the well-known Clauser-Horne-Shimony-Holt (CHSH) Bell
inequality [39]:
1
2
∑
~a,~x
(−1)(x1−1)(x2−1)a1a2P (~a|~x)
L≤ 1. (12)
Let SQ,∗n,γ denote the maximal quantum value of Sn,γ . It was
shown in Ref. [22] that for k ≤ n, the k-producible bound of
Sn,γ , [cf. Eq. (5)] is precisely SQ,∗k,γ and thus depends only on
k, but not on n. Numerically, for n ≤ 6, we have found that
the maximal quantum value of Sn,γ can always be achieved
by considering the n-partite GHZ state |GHZn〉 and the fol-
lowing ansatz [22, 40] of measurement observables:
Axi=1 = cosασx + sinασy,
Axi=2 = cos(φn + α)σx + sin(φn + α)σy,
(13)
where α = −n−12n φn and φn ∈ [0, pi2 ]. The resulting quantum
value, computed via En(~x) = 〈GHZn| ⊗ni=1 Axi |GHZn〉,
then reads as:
SQ,∗n,γ = γ cosn+1
(
φ∗n
2
)
− cos
(
n+ 1
2
φ∗n
)
, (14)
where the analytic form of the optimal parameter φ∗n and op-
timal quantum value SQ,∗n,γ for 2 ≤ n ≤ 5 can be found in
Appendix B. Note that for these values of n, SQ,∗n,γ appear
to increase monotonically with n as well as γ, thus show-
ing a gap between the k and k + 1 producible bounds for
k = 1, 2, 3, 4, 5. In Ref. [22], the presence of such a gap was
numerically verified for k ≤ 7 but only for the case of γ = 2.
A. Effectiveness for some families of qubit states
Under the assumption that there always exist the afore-
mentioned gaps between successive k-producible bounds and
noting that the maximal quantum violation of a full correla-
tion Bell inequality [40, 41], such as the one associated with
Eq. (11), is always achievable [40] using a GHZ state, we de-
duce that the GME nature of a GHZ state can always be certi-
fied using the DIWED
Sn,γ
k-prod.
≤ SQ,∗k,γ (15)
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FIG. 1. Plots of the quantum violation of the DIWED of Eq. (11)
achieved by |Wn〉 in the restricted interval of γ ∈ [0.05, 0.5] (the
inset gives the same plots but for the whole interval of γ ∈ (0, 2]
where one finds that the witnesses are generally not violated, i.e.,
giving a negative value).
by setting k to be n− 1.
In Ref. [22], the DIWEDs of Eq. (15) with γ = 2 were also
considered in conjunction with the W states |Wn〉, and the
one-dimensional cluster states (i.e., graph states correspond-
ing to a ring graph |RGn〉 or a linear chain |LGn〉). Unfortu-
nately, the numerical results presented therein suggested that
for 3 ≤ n ≤ 7 (3 < n ≤ 7), the witness can, at best, be
used to certify that |Wn〉 (|RGn〉 and |LGn〉) is entangled.2 In
other words, the witness of Eq. (15) with γ = 2 essentially
failed to detect any of the more-than-two-body entanglement
present in all these multipartite qubit states.
Would tuning the parameter γ help in providing a better
lower bound on the entanglement depth of any of these states?
In the case of |Wn〉, this indeed turned out to be of some use.
By numerically maximizing [43] the quantum value of Sn,γ
for |Wn〉 over the POVMs used to define qubit measurements,
we have found that for (some instances of) γ ∈ [0.05, 0.5], the
optimized quantum value of Sn,γ for |Wn〉 with n = 3, 4, 5, 6
indeed exceeds the corresponding 2-producible bound SQ,∗2,γ ,
thus correctly certifying the GME nature of |W3〉 while im-
proving, in comparison with the γ = 2 DIWED, the entangle-
ment depth certifiable for |W4〉, |W5〉 and |W6〉. Note, how-
ever, that these violations of the witness are tiny, and should
thus be seen as a proof-of-principle demonstration that tuning
the free parameter can indeed be useful in some cases. The
details of these findings are shown in Fig. 1.
Unfortunately, tuning the parameter does not seem to help
at all for the device-independent certification of the entangle-
ment depth of the one-dimensional cluster states. In Sec. IV,
we return to these states and present other DIWEDs that are
naturally suited for them.
2 Note that in Table II of Ref. [22], the certifiable entanglement depth of
|W3〉 was mistaken to be 3, even though the result presented in Table III in
the corresponding Supplemental Material clearly indicate that this should
be 2.
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FIG. 2. (Left and middle plots) Best quantum value found for Sn,γ(|GHZn(θ)〉) − SQ,∗n−1,γ for θ ∈ (0, pi4 ], γ = 0.5, 1, 1.5, 2, and n =
2, 3, 4, 5. As γ decreases from 2, the GME nature of |GHZn(θ)〉 is certifiable for a more restricted range of θ. We shade the region of the
plots where the GME nature of the states are correctly certified. (Rightmost plots) Best quantum value found for Sn,2(|GHZn(θ)〉) less the
local bound of 1 for n = 3 and 5. Since this difference is always non-negative, we always observe a Bell-inequality violation of |GHZn(θ)〉
for all θ ∈ (0, pi
4
] that we have tested, showing a strong contrast with the results of Ref. [42]. In the insets, we zoom-in to region of θ where the
consideration of Ref. [42], which allow only nontrivial measurements, would fail to show the violation of the corresponding entangled states.
Now, let us focus, instead, on the following family of
unbalanced-weight GHZ states:
|GHZn(θ)〉 = cos θ|0〉⊗n + sin θ|1〉⊗n, θ ∈
(
0, pi4
]
, (16)
where |GHZn〉 defined in Eq. (10) corresponds to the special
case of |GHZn(θ = pi4 )〉.
For n = 2, it is known [44] that all such states violate
the CHSH Bell inequality. However, for n ≥ 3, it is also
known [42] that for n odd and sin 2θ ≤ 2 1−n2 , |GHZn(θ)〉
cannot violate any full correlation Bell inequality with rank-1
qubit projective measurement. It thus seems unlikely to cer-
tify the entanglement depth of all these GME states using the
DIWED of Eq. (11). In fact, our numerical results, see Fig. 2,
suggest that the interval of θ for which we can correctly certify
the GME nature of |GHZn(θ)〉 shrinks as n increases. Again,
tuning the value of the parameter γ does not seem to help.
In contrast with the results of Ref. [42], we have nonethe-
less found that by allowing trivial (degenerate qubit) measure-
ments, for (at least) n = 2, 3, 4, 5, it is possible to demonstrate
the nonlocality of all entangled |GHZn(θ)〉. As an example,
let us consider |GHZ3(θ = 0.07 rad)〉. Note that each non-
trivial qubit observable mˆ · ~σ can be parametrized by a unit
vector mˆ ∼ (ϑ, ϕ) where ϑ, ϕ are, respectively, the polar
angle and the azimuthal angle of mˆ. To exhibit the nonlo-
cality of the aforementioned three-partite state, it suffices for
the three parties to set their first measurement observable to
be the one associated, respectively, with the unit vectors of
(0.7734 pi rad., 0.6767 pi rad.), (0.7457 pi rad., 0.1533 pi rad.),
and (0.2295 pi rad., 0.8300 pi rad.) while the second observ-
able, respectively, as σz , I, and −σz . Note that since trivial
measurements are involved to violate the inequality for these
states, there must exist some non-full-correlation Bell inequal-
ities which are also violated by these states. However, such
Bell inequalities (with marginal correlators) may depend on
the particular state in question. Also, since the violations are
tiny, this should be seen as a proof-of-principle demonstration
that the nonlocality of |GHZn(θ)〉 can still be witnessed for
even nearly separable |GHZn(θ)〉 by a full-correlation Bell
inequality.
B. Effectiveness for higher-dimensional GHZ states
Next, we discuss the effectiveness of using Eq. (11) to
certify the ED of the n-partite d-dimensional GHZ states
|GHZn,d〉. Importantly, each of these GME states can actu-
ally be seen as the direct sum of n-qubit GHZ state |GHZn〉
residing in disjoint qubit subspaces (and a product state if d is
odd):
|GHZn,d〉 = 1√
d
d−1∑
i=0
|i〉⊗n
=
√
2
d
bd/2−1c⊕
j=0
|GHZ(j)n 〉 ⊕
χ√
2
|d− 1〉⊗n
 ,
(17)
where |GHZ(j)n 〉 is the n-qubit GHZ state acting on the local
qubit subspace spanned by {|2j〉, |2j + 1〉}, χ = 1 if d is odd
but vanishes otherwise.
In view of this, it is not surprising that the certifiable ED
6apparently depends on the parity of the local Hilbert space
dimension.
In particular, the very same maximal quantum value of
Eq. (11), i.e., SQ,∗n,γ given in Eq. (14), is attainable using
|GHZn,d〉 whenever the local Hilbert space dimension d is
even. Explicitly, this can be achieved using the following
choice of block-diagonal qudit observables:
A
(d)
xi=1
=
d
2−1⊕
j=0
Axi=1, A
(d)
xi=2
=
d
2−1⊕
j=0
Axi=2, (18)
where Axi=1, Axi=2 are defined in Eq. (13), the j-th qubit
observable in each of these direct sums acts on the qubit
subspace spanned by {|2j〉, |2j + 1〉}, and the full corre-
lator [40, 41] is computed as En(~x) = 〈GHZn,d| ⊗ni=1
A
(d)
xi |GHZn,d〉. Thus, the DIWED of Eq. (11) can correctly
certify the ED of such states, as with the case for |GHZn〉.
On the other hand, when the local Hilbert space dimension
is odd, the ED certifiable using the DIWED of Eq. (11), based
on our numerical results, is not tight. However, these bounds
on ED do become tighter and approach the actual ED as the
Hilbert space dimension increases. Specifically, with the fol-
lowing choice of block-diagonal qudit observables:
A
(d)
xi=1
=
d
2−1⊕
j=0
Axi=1 ⊕ 1,
A
(d)
xi=2
=
{ ⊕ d
2−1
j=0 Axi=2 ⊕ 1, i 6= n,⊕ d
2−1
j=0 Axi=2 ⊕−1, i = n,
(19)
we recover the best quantum value d−1d SQ,∗n,γ + 1d that we have
found for these states.
The effectiveness of the DIWED of Eq. (11) in certifying
the entanglement depth of |GHZn,d〉 for d odd can then be
decided by verifying if the following inequality holds true for
the given local Hilbert space dimension d and for some γ ∈
(0, 2]:
(d− 1)SQ,∗n,γ − dSQ,∗n−1,γ
?
> −1. (20)
To this end, note that if the above equation holds for some
value of n, γ, and d = dγmin, then it must also hold for the
same combination of n, γ, and d > dγmin. In Fig. 3, we plot
for each n ≤ 11, the value of dγ=2min and the smallest value of
dγmin found by optimizing the choice of γ (with the optimal
value denoted by γ∗). As with the case of |Wn〉, we have
found that for |GHZn,d〉 with n ≥ 5, tuning the parameter
γ can sometimes lead to a tighter lower bound on the ED of
these latter states.
2 3 4 5 6 7 8 9 10 11
3
5
7
9
11
13
15
17
19
21
23
25
27
29
31
33
n
d
  m
in
  = 2
 ⇤
<latexit sha1_base64="wNqswYR7+Nb5xbfweV7cThmYvyw=">AAAJDnicpVTdjttEGJ1u+ AnmrwvccTNiF6mgURTbcZNosVSJG3qDWolti+Ltyj8Tr5WxnY4ddlOTd+BpuENwySvwAtzCI3Dmc3aTLWS3Eo7iOXPmfPPN+T7b0VxlVd3v/3Fnr/PGm2+93X3Heve99z/48O7+R0+qcqFjeR yXqtTPorCSKivkcZ3VSj6baxnmkZJPo9nXZv3pD1JXWVl8Vy/n8iQP0yKbZnFYgzrd73wfRDLNimaapQstV9zifM3U2ezlPItrQ1trLrzIqtXEusizwncExvDCt22AOotnfuMIVwyEJ+6LoRiJ sbD7wrZXWFZhJBX3+WFxKKwlRfc8gxDvugRJ4h8mz4M0zPPwtAl0zqFcISLVWQJJm8RFgqHZ3Ba2K2xP2ENhj4VjC8cVjiecoXDGwrWF6yK1kqksEj4vK78odX3Gz2VVX9GxVIqHKksLv1FyW q+sEysIk6RdzlAs2ZSFWvI81LNK0OBXLxahloJrmYj6DGda3R5TCh6pBYK2AuaqrPmEeuibvXiiw3OcsriUXct3YtUhujrR5Tmv5NyPdaxPGrTL4bjcIAB0N3BgoEfQM3BM8L6Btk14SLiVjA i3mrHBTruL3Td42GLbbG741dGWYVnUetkER4dt39Bk5/Df/lrzOwyW/9PbcONtvGXN3bLmbaytbbbW3I01snmTtedfGmPg29eghdffEsOs3yTr9O5BvzdwvHHf4y0YDVowGnnc7vXpOmDr61G5 v/ctC1jCShazBcuZZAWrgRULWYXfhNmsz+bgTlgDTgNltC7ZilmIXUAloQjBznBPMZus2QJzs2dF0TGyKPw1Ijn7fK1JgKfEtqPJz7e0u3I0tLc54xJjtN4zB1uzM7C3xV0qXzfOeKpxwhF5y XDOOTHGZXzN0RSjwrzG+c19CaUEShClgWJwCmzLmBwaY1tX4/yM6hySTgLd5MVEzdjLG3rRYJ7iTHOqZw3FTdoKfAQmpJ5n1I9t/WU+hTGiU2o4aeBEUs801bGNq1iP9jd11ZRLUTZTu/S1dn 315D3MNfAC3C4/1yNe3XGKucIvoqznuMsrhwXwObnI6Xko4KoBPyPtit4F0/sf0aUDYI41Tbp0633YtYtkL3DGEMoV5v4t6sekCq6ey5giG+Jvjny4I/LhVWRCz2hAT5qk7udUnxnFXfYiuKrV BHVsd5E4dx9dGKAO94AEsMs89gXj/BPU4x7mDuYCaxvOJt3wP1Q9rG2iY3So/bIc0ftkMfM9u/xo8d3gidOz3Z792Dl48NX6y9Zln7LPKPeQPWDfsEfsmMWd3zp/dv7q/N39qftz95fur6107 8465mN27er+/g/O7hr5</latexit>
FIG. 3. Plot of the combinations of (n, dγ=2min ) and (n, d
γ∗
min) where
the GME nature of |GHZn,d〉 can be certified using the DIWED of
Eq. (11) when γ is set, respectively, to 2 and an optimized value γ∗.
IV. DIWED FOR GRAPH STATES
A. Graph states and stabilizers
We now return to the problem of certifying, in a device-
independent manner, the GME nature of graph states. Specif-
ically, we shall demonstrate how one can construct a non triv-
ial Bell-inequality suited for certifying the ED of certain qubit
graph states. Before that, let us first recall from Ref. [45] the
definition of a qubit graph state. For a given graph, with n
vertices and edges, consider the following tensor product of
qubit operators
gi = Xi ⊗
j∈N(i)
Zj , i ∈ {1, . . . , n}, (21)
where N(i) is the set of neighbors of vertex i, Xi, Yk, and Zj
represent, respectively, the Pauli matrix σx, σy , and σz act-
ing on the ith, kth, and jth qubit. For simplicity, we have
omitted in the above equation the identity operator I acting on
the remaining (non-neighboring) qubits. The gi of Eq. (21)
is known as a stabilizer of the corresponding graph state |G〉,
which is defined as the simultaneous +1 eigenstate of all sta-
bilizers gi.
We should further introduce the stabilizer set S(G) =
{sj , j = 1, . . . , 2n} formed by all possible combinations of
the product of gi:
sj =
∏
i∈Vj(G)
gi, (22)
where Vj(G) is a subset of vertices of the graph G. Notice
that since gi commutes with gi′ for all i, i′, the order of the
products does not matter. The corresponding |G〉 is evidently
also the +1 eigenstate of all sj ∈ S(G).
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FIG. 4. Two families of n-node graphs: (i) the ring graph gives rise
to a graph state that is equivalent to a one-dimensional cluster state
with a periodic boundary condition, (ii) the linear graph gives rise to
a graph state that is equivalent to a one-dimensional cluster state with
a closed boundary condition. For n = 3, it is known [45] that these
two kinds of graph states are both local-unitarily (LU) equivalent
to |GHZ3〉. Likewise, for n = 4, if we allow also the symmetry
of graph isomorphisms (i.e., the permutation of parties), these two
kinds of graph states are again LU equivalent [45] to each other, but
not to |GHZ4〉.
B. Nonlocality of graph states
The reason of introducing S(G) is that we can use its ele-
ments to construct a Bell operator [46], which can be trans-
lated into a Bell inequality naturally suited for |G〉. The idea
was first proposed in [47], where they summed over all ele-
ments of S(G) to obtain the Bell operator:
BallG =
2n∑
i=1
si. (23)
To get a Bell expression in the form of Eq. (3), one asso-
ciates, to each term si, the Pauli matrices X,Y, Z, respec-
tively, with measurement setting 1, 2, 3. Each term si is then
mapped to a correlator Ek(~x) with k ≤ n. Importantly, de-
pending on the graph G, the corresponding correlator of si
may be a marginal correlator, i.e., one involves only nontriv-
ial measurements on a strict subset of subsystems and hence
k < n. Graphs of n nodes arranged in a ring (straight line),
giving rise to the n-partite ring (linear) graph states |RGn〉
(|LGn〉), are some explicit examples of this kind (see Fig. 4).
By determining the local bound of the corresponding Bell ex-
pression, one then obtains a Bell inequality whose maximal
quantum value of 2n is guaranteed to be achievable by the
underlying graph state |G〉 [47].
C. Two-setting DIWED for graph states based on GHZ
paradox
Evidently, from an experimental points of view, it would be
desirable to make use of a Bell inequality with fewer measure-
ment settings (or fewer expectation values to be measured).
To this end, we follow the proposal of Ref. [48] to construct
Bell inequalities by choosing only a subset of the elements in
S(G), specifically those that allow us to demonstrate the so-
called GHZ paradox [29, 30]. Let us stress that as with the
work of Ref. [47], Ref. [48] only concerns the demonstration
of nonlocality for graph states, but here we wish to go a step
further by using such a Bell inequality as a DIWED to witness
the ED of the corresponding |G〉.
Consider, without loss of generality, a situation where m
distinct correlators take on their maximal value,
En(~x
′
) = En(~x
′′
) = ... = En(~x
′′···′) = +1. (24)
For simplicity, in Eq. (24) and in the following arguments, we
write all the correlators as n-partite correlators, but this is only
for the convenience of presentation, rather than a necessary
requirement of the arguments. In particular, some of these
correlators could well be marginal correlators that involve less
than n parties. A GHZ paradox, also known as a proof of
nonlocality without inequality, arises if Eq. (24) implies also
En(~y) = 1 for Bell-local correlations but En(~y) = −1 for
certain quantum correlation.
To appreciate when such a “paradox" may occur, let us con-
sider extremal3 points of L, i.e., those where the outcome axj
of the xj th measurement of the jth party is deterministic, tak-
ing either±1 for all j, and all xj . Then, it follows from Eq. (2)
that each equation in Eq. (24), such as,
En(~x
′
) = ax′1ax′2 · · · ax′n = 1, (25)
imposes nontrivial constraints on the value of ax′j . In particu-
lar, if ~y is chosen such that
ay1ay2 · · · ayn =
∏
i1
ax′i1
∏
i2
ax′′i2
· · ·
∏
im
ax′′···′im
, (26)
then by virtue of Eqs. (24) and (26), we must also have
En(~y) = 1. In other words, if ~y is chosen as the string of
inputs where each xj only appears an odd number of times in
Eq. (24), then these conditions of perfect correlations guaran-
tee also En(~y) = 1.
To complete the argument of the paradox, one must find
quantum correlation satisfying Eq. (24) and giving En(~y) =
−1. While the constraints of Eq. (24) are easily enforced by
choosing the observables associated with each correlator from
a stabilizer of the graph state of interest, the latter constraint
of perfect anticorrelation (and the requirement of having only
two measurements per party) can only be achieved with a
careful selection of the stabilizers corresponding to Eq. (24).
For any such selection, a nontrivial Bell inequality violated
quantum mechanically up to the algebraic maximum of m+1
can then be constructed as:
En(~x
′
)+En(~x
′′
)+...+En(~x
′′···′)−En(~y)
L≤ m−1 Q≤ m+1.
(27)
A proof of the local bound is given in Appendix A 2, whereas
the quantum bound (which is also the algebraic maximum)
3 For the case of nonextremal ~P ∈ L satisfying Eq. (24), one first decom-
poses ~P into all extremal ~P of L satisfying Eq. (24) and repeats the fol-
lowing arguments.
8follows from our assumption that a GHZ paradox can be
demonstrated quantum mechanically, i.e., one can find a quan-
tum strategy that makes the first m correlator take value +1
and the last correlator take value -1. In what follows, we pro-
vide a construction of such Bell inequalities for various graph
states where each of the first m correlators is identified with
an element of S(G) while the last term is identified with the
product of all these chosen si’s.
1. Ring graphs
As a first example, let us consider |RG3〉. From its stabi-
lizer set S(RG3), we choose the three stabilizers g1, g2, g3
and their product g1g2g3 to define our Bell operator, i.e.,
BRG3 =
3∑
i=1
gi +
3∏
i=1
gi. (28)
Writing these operators explicitly while associating X with
the first measurement and Z with the second measurement
gives:
g1 = X1Z2Z3 ⇒ E3(1, 2, 2),
g2 = Z1X2Z3 ⇒ E3(2, 1, 2),
g3 = Z1Z2X3 ⇒ E3(2, 2, 1),
g1g2g3 = −X1X2X3 ⇒ −E3(1, 1, 1).
(29)
Taking the sign of each term into account, we obtain
IRG3 := E3(1, 2, 2)+E3(2, 1, 2)+E3(2, 2, 1)−E3(1, 1, 1),
(30)
which is exactly a representative of the MABK Bell expres-
sion [33–37], whose quantum 2-producible bound [32] is
known [23] to be 2
√
2. Note that when this bound is saturated,
it may still be possible to certify genuine tripartite entangle-
ment in a device-independent manner if marginal distributions
are taken into account [49].
The resulting Bell inequality thus has the following proper-
ties:
IRG3
L≤ 2
2-prod.
≤ 2
√
2
Q≤ 4, (31)
thus making IRG3
2-prod.
≤ 2√2 a DIWED that can be used to
certify the GME nature of |RG3〉.
More generally, we propose to consider the following Bell
operator, each involving n stabilizers from S(RGn) and their
product:
BRGn=odd =
n∑
i=1
gi +
n∏
i=1
gi;
BRGn=even = gn
(
1 +
n−1∑
i=1
gi
)
+
n−1∏
i=1
gi.
(32)
In Appendix C, we show that each of these Bell operators only
involves two different qubit measurements per party4. For the
case of odd n, these are always X and Z. The same observa-
tion applies for party 2, 3, . . . , n−2 in the case of even n, but
for party 1, n− 1, and n, these become, respectively, {Y,Z},
{Y,Z} and {X,Y }.
Throughout, we shall adopt the following convention in
mapping a stabilizer to the corresponding correlator: if in the
Bell operator (and hence the list of stabilizers) considered,
only Xj and Yj are involved, we associate these operators,
respectively, as the first and second measurement of the jth
party; if, instead, only Xj and Zj are involved, we associate
them, respectively, as its first and second measurement; and if
only Yj and Zj are involved, we associate them, respectively,
as its first and second measurement.
Thus, for odd n, the resulting Bell expression reads as:
IRGn := En(2, 1, 2,∅, . . . ,∅)+  −En(~1n), (33)
where En(2, 1, 2,∅, . . . ,∅) := E3(2, 1, 2) is a triparite cor-
relator involving only the first three parties5 and  is a short
hand to denote the additional n − 1 terms that need to be in-
cluded to make the Bell expression invariant under arbitrary
cyclic permutation of parties (cf. Ref. [50]).
In a similar manner, we note from BRGn=4 that it only in-
volves Y1, Z1, X2, Z2, Y3, Z3, X4, Y4 (see Appendix C for de-
tails). We thus arrive at the following Bell expression for
n = 4:
IRG4 :=E4(2,∅, 2, 1) + E4(∅, 1,∅, 1) + E4(2, 2, 1, 2)
+E4(1, 2, 2, 2)− E4(1, 1, 1,∅). (34)
For n = 6, BRGn=6 involves only Y1, Z1, Y5, Z5, X6, Y6 and
Xi, Zi for i = 2, 3, 4. The corresponding Bell expression is
(see Appendix C for details):
IRG6 := E6(2,∅,∅,∅, 2, 1) + E6(1, 2,∅,∅, 2, 2)
+ E6(∅, 1, 2,∅, 2, 1) + E6(2, 2, 1, 2, 2, 1) (35)
+ E6(2,∅, 2, 1,∅, 1) + E6(2,∅,∅, 2, 1, 2)− E6(~15,∅).
Using the numerical technique of Ref. [13], upper bound
on the k-producible bounds of IRGn for all k < n ≤ 6 can be
computed. The results are summarized in Table I. In particu-
lar, it is worth noting that the (upper bound of the) (n − 1)-
producible bound always appear to be n−(3−2√2) < n+1,
thus showing that the constructed Bell inequality can indeed
serve as a DIWED for |RGn〉.
4 Note that, if any of the parties performs only one measurement during
the Bell experiment, as we show in Appendix F, such a Bell expression
can never serve as a DIWED for the corresponding graph state as the 2-
separable bound always coincides with the Tsirelson bound.
5 Here and below, we use the symbol ∅ to indicate the trivial measurement
setting.
92. Fully-connected graphs
Apart from |RGn〉, the symmetry presented in fully-
connected, i.e., complete graphs also allows us to derive a
simple yet nontrivial family of Bell inequalities for the cor-
responding graph states. For concreteness, let us denote the
state of an n-partite fully connected graph by |FGn〉. Al-
though |FGn〉 is known [45] to be LU equivalent to |GHZn〉,
which we already know how to certify its entanglement depth
using the DIWED of Sec. III, the simplicity of this family of
Bell expressions warrants a separate discussion. To this end,
consider the Bell operator
BFGn =
n∑
i=1
gi + g1g2g3, (36)
which is easily verified to involve both X and Z measure-
ments for all parties. We thus have the following Bell expres-
sion:
IFGn = En(1, 2, 2, . . . , 2)+ ′ −En(~13,~2n−3), (37)
where we have used ′ to indicate the additional n− 1 terms
that need to be included to ensure that the first n terms are
invariant under arbitrary cyclic permutation of parties. Note
that when n = 3, IFGn=3 is again a special case of the MABK
inequalities [33, 36].
A remark is now in order. In our previous construc-
tion of Bell inequalities based on the GHZ paradox, the
value of En(~y) is determined by all other terms appear-
ing in the Bell expression. However, this is not the case
for IFGn . In fact, the GHZ paradox can already be exhib-
ited using En(1,~2n−1), En(2, 1,~2n−2), En(~22, 1,~2n−3) and
En(~13,~2n−3) alone. The remaining terms are included to en-
sure that all parties perform two alternative measurements.
Despite this difference, the local bound and quantum bound
are easily shown, respectively, to be n − 1 and n + 1 (see
Appendix A 2 for a proof of the local bound).
3. Other types of graphs
Beyond the two families of graph states presented above,
appropriate DIWED can also be constructed to certify (at least
for n up to 6) the entanglement depth of |LGn〉, i.e., the graph
state associated with a linear chain (see Fig. 4). Since |LG3〉 is
LU equivalent to |GHZ3〉, its entanglement depth can already
be certified using the DIWED discussed in Sec. III. Likewise,
we omit the discussion of |LG4〉, since it is LU equivalent to
|RG4〉 if we allow also the permutation of parties. On the
other hand, our construction leads to the following Bell ex-
pressions, respectively, for n = 5 and 6:
ILG5 :=E5(∅, 2, 1, 2,∅) + E5(∅,∅,∅, 2, 1)
+E5(1, 2,∅, 2, 1) + E5(1,∅, 2, 1, 2)
+E5(2, 1, 1, 1, 2)− E(2, 1, 2, 2,∅),
(38)
(i) The graph for |G1i.
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(ii) The graph for |G2i.
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(iii) The graph for |G3i.
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(iv) The graph for |G4i.
1
2
3
4
5
6
<latexit sha1_base64="KP5CL/yKT38t82mNRzjj4oGZqaE=">AAAO03ic7VVLb9tGEN44b aOqrRq3vfWyqF1AAii+aTt1BQTooc0tAeIkhWkEJLWSCC0fIWm5DisUKHpoD/2BvfcX9Bd0dviwJIu0GwTIpRRMzg6/mZ2Z71vajbmfZqr6152du++9/8G9zofdjz7+pPfp/d3PnqXReeKxEy /iUfLCdVLG/ZCdZH7G2Ys4YU7gcvbcnX8n3j9fsCT1o/Bpdhmzs8CZhv7E95wMXC937/1ju2zqh3nmz1/HvpedJ2zZpXjZYTRmp34YsoSmLB6pcXZGnYz2NVmVhtqA5nYaOJzTvj+gT2eMThMn ntFJlNB9e86yPLeTgH6vLZf78pIeY84qtRdFydgPnYzRvgepRFpV0mRrcLwVolcQtQFgDMrSrEaIeQW52siGcpnjzai9UGyu2AH1Q5primZYii7piq5biiEZiqFZiimZignuYkD52pi44zI+s vk3+/ZiX/L8xONMouPEuZDoxOdcovUg6UivJunZi0G+rMsV8MI5HMIjKGsU+9ksHK+RZM/S2PFYrnlBSdhbYbKVSn2VylU+6f+0/idaV4ZX7IoYHNlwiG0fb+O8K5yLgndVtgTz3TfnXYdprT LfSr1xjfqy/u2cy4fARsVFO+VbCReyvCKzie9GjHVdNk2KeKCiIIQwhCCEMIQghDAsyRLC0N7Feb96q5eagE7pNlHQ6ktQKuINBWHhONVVRSzaBGFuCKJFDFITTbfTwsbJbhLD9hylEozGDAcV 4CahrH46TFAKCEcDoeiHqnJQCMWQDgrdvFvBGKVgzAbBvLy/p8qmbj1QLVoYR2ZhHB1ZFDSA1x4pr8fR7s7fxCZjEhGPnJOAMBKSDGxOHJLC75RoRCUx+M5IDr4ELB/fM7IkXYg9BxQDhAPeO dynsDotvSGsRc4Uoz3YhcNfApGUfF1ixmBP0Fs8xf50Bdu0R465RY2X8HTLnAF4MzID701xFfK2caKnDCo8wl58qDNGj+jSW+toAk8O6wzqF/dLQDKwxhCVgOWBj4O38Ig9EngWcxWdz3DODu IYWG29iKg5eV1yMcbdbczBEBdgrjkg7RprA8aHCjj0lALKQTZHwLNMTOiuD5aEK4NYZAA19cHWwRZesR7CT3g18MjkcM1XIWV4a9VvPOi3UM1xi25yWE+huhi5zwDRhk3B72L9MfYmtNOe268V 1oab4vRjmKFg5KdWbIBcZ8hsRC7WsNW8OTxdzJnAFHJkyUNtO3XdKcwrLjWY4D4cdxI6m94q6+bkZOwjgqi4cZ7rEZsZK5W4uOsF3Fk94RDsC+wiQI2F0JXQ2ByxS/xuiHPyM/C/BzaFdwnip ivfjqYsjLyCGoUul7Ae3YB+gii7PsOFonP0t0c+aoh8VEe+zRNVnyf6xfUzVfpWTtQGqj5P6F8/TxRq7cK3v/rA02bjmS5rhqw90fceflv+F+iQL8lXuPcheUh+II/JCfE6P3Z+6fze+aN30s t7v/Z+K6A7d8qYz8na1fvzX4O3hBo=</latexit>
FIG. 5. The other graph states that have been considered in this
work. For these asymmetrical graphs, the labels of the nodes are es-
pecially crucial as they are used to define the stabilizers [cf. Eq. (21)]
involved in the corresponding Bell operator.
ILG6 :=E6(∅,∅, 2, 1, 2,∅) + E6(∅,∅,∅, 2, 1, 2)
+E6(∅,∅,∅,∅, 2, 1) + E6(2, 1, 2, 2, 1, 2)
+E6(2, 2, 1,∅, 1, 2) + E6(1, 2,∅, 1,∅, 1)
−E6(1, 1, 1,∅, 1, 2).
(39)
In Appendix D, we provide the Bell operators and the explicit
form of the individual stabilizers leading to these Bell expres-
sions. The k-producible bounds for these Bell expressions are
summarized in Table I. One should note that, in general, the
subset of S(G) chosen to construct a DIWED via our proce-
dure is not unique. In particular, we provide in Appendix D an
alternative (inequivalent) Bell expression that is also suitable
for the certification of the entanglement depth of |LG5〉. In
this regard, note also that some of these choices may lead to
a Bell expression where one (or more) of the parties only has
one fixed measurement setting. In Appendix F, we show that
such Bell expressions are generally not useful for a device-
independent certification of the entanglement depth of the cor-
responding graph state, as its Tsirelson bound, assuming some
mild condition holds, can also be saturated using a biseparable
state.
For completeness, we have also considered the graph
states associated with the three remaining 4-node (connected)
graphs, [see Figs. 5(i), 5(ii), and the star graph, as well as
a 5-node graph [Fig. 5(iii)], and a 6-node graph [Fig. 5(iv)]].
The graph state associated with the 4-node star graph state is
known [45] to be LU equivalent to |GHZ4〉, whose entangle-
ment depth is certifiable using the DIWED of Sec. III, we thus
omit it from the following discussion. Likewise, the graph
state associated with G1, and G2, are both known [45] to be
LU equivalent to |LG4〉 (and hence to |RG4〉 if we also allow
the permutation of parties), a DIWED constructed for |RG4〉
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2-prod. 3-prod. 4-prod. 5-prod. 6-prod.
IRG3 ‡2
√
2 *4 - - -
IRG4 ‡2
√
2 + 1 ‡2
√
2 + 1 *5 - -
IRG5 ‡4 4.0855 ‡2
√
2 + 2 *6 -
IRG6 ‡5 5.0453 5.0660 2
√
2 + 3 *7
ILG5 4.0602 ‡2
√
2 + 2 ‡2
√
2 + 2 *6 -
ILG6 ‡2
√
2+3 ‡2
√
2 + 3 ‡2
√
2 + 3 ‡2
√
2 + 3 *7
IFG4 ‡3.6742 ‡4.4037 *5 - -
IFG5 ‡4.6188 ‡5.1962 ‡5.4037 *6 -
IFG6 ‡5.5902 ‡6.0977 ‡6.1962 ‡6.4037 *7
TABLE I. Summary of upper bounds on the quantum k-producible
bounds of IRGn , ILGn and IFGn for n up to 6. Here, and in the fol-
lowing tables, entries marked with ‡ correspond to upper bounds that
have been numerically verified to be tight, i.e., achievable (within
the numerical precision of the solver) using k-producible quantum
states. By construction, the Tsirelson bounds (marked with ∗, i.e., the
n-producible bounds) are always tight. Apart from the 2-producible
bound of IRG3 and all the Tsirelson bounds, all analytic expressions
presented are extracted from the results of our numerical optimiza-
tion.
can thus also be used to witness the entanglement depth of
|G1〉 and |G2〉.
The Bell expressions that can be used as DIWEDs for the
remaining two states are, respectively,
IG3 :=E5(∅,∅, 2, 1, 2) + E5(1,∅,∅, 2, 1)
+E5(2, 2, 1, 2, 2) + E5(2, 1,∅, 1,∅)
+E5(∅, 2, 2, 2, 1)− E5(1, 1, 1, 2,∅),
(40)
and
IG4 :=E6(2, 1,∅, 2,∅,∅) + E6(∅, 2, 2, 1,∅, 2)
+E6(∅,∅,∅, 2, 2, 1) + E6(1, 2, 1, 2, 2,∅)
+E6(2,∅, 1, 2, 1, 2)− E6(1, 1, 2, 1, 1, 1).
(41)
The quantum k-producible bounds for these Bell expressions
are summarized in Table II. In Appendix E, one can find the
Bell operators and the explicit form of the stabilizers leading
to these Bell expressions.
1-prod. 2-prod. 3-prod. 4-prod. 5-prod. 6-prod.
IG3 4 ‡4 4.2330 ‡2
√
2 + 2 *6 -
IG4 4 4.1225 4.2833 2
√
2 + 2 ‡2
√
2 + 2 *6
TABLE II. Summary of upper bounds on the quantum k-producible
bounds of IG3 and IG4. The graph associated with IGi can be found
in Figure 5.
V. CONCLUSIONS AND OUTLOOK
In this paper, we have explored various two-setting, two-
outcome Bell inequalities for the device-independent certifi-
cation of the entanglement depth of several (families of) pure
genuine multipartite entangled (GME) states. To this end, we
first revisited the one-parameter family of Bell expressions in-
troduced in Ref. [22] and turned them into device-independent
witnesses for entanglement depth (DIWED) by determining,
for six or less parties, the quantum k-producible bounds of
these Bell expressions.
We then showed that, in comparison with the DIWEDs
originally introduced in Ref. [22], these parametrized DI-
WEDs can, via an appropriate choice of the parameter γ,
witness tighter entangled depth of the W states |Wn〉. They
can also be used to witness the entanglement depth of cer-
tain unbalanced-weight GHZ states |GHZn(θ)〉, even though
tuning the value of γ does not seem to help in this case.
It is particularly worth noting that, with the help of trivial
measurements, the full-correlation Bell inequalities associated
with these witnesses are apparently violated by all entangled
|GHZn(θ)〉 (for n ≤ 5), thereby suggesting a way to get
around the no-go result presented in Ref. [42].
Beyond qubits, we have found that these witnesses can per-
fectly witness the entanglement depth of higher-dimensional
generalization of the GHZ states, namely, |GHZn,d〉, when-
ever the local Hilbert space dimension d is even. For odd d,
these witnesses do not seem to always witness a tight entan-
glement depth, but their power grows with d; again, tuning the
parameter γ improves the ability of these DIWEDs to certify
the right entanglement depth.
Next, we turned our attention to graph states. By using the
properties of the graph states and the idea of a GHZ para-
dox [29, 30], we constructed Bell inequalities that are max-
imally violated by the corresponding graph states. For ring
graphs and the fully connected graphs (i.e., complete graphs)
of n nodes, we provided a general construction and showed
that the resulting DIWEDs can indeed be used to certify the
GME nature of the corresponding graph states for n ≤ 6. We
conjecture that the same conclusion holds for n > 6. Sim-
ilarly, we have also provided DIWEDs to witness the GME
nature of graph states for linear graphs (up to 6 nodes) and a
few other graphs with a small number of nodes.
A few possibilities for future research stem naturally from
this work. First, while our numerical results have shown
that a very weakly entangled generalized GHZ state (i.e.,
|GHZn(θ)〉 with θ → 0) can violate a full correlation Bell
inequality for n = 2, 3, 4 and 5, it would be interesting to
show that this holds indeed for an arbitrary number of par-
ties (thereby completely lifting the no-go result of Ref. [42]
for full correlation Bell inequalities). On a related note, it
is also worth showing that for witnessing the entanglement
depth of |GHZn(θ)〉 using the one-parameter family of wit-
nesses, γ = 2 indeed represents the optimal choice of pa-
rameter. For W states |Wn〉, it may be worth combining the
numerical techniques of Ref. [13] and the results of Ref. [51]
to find simple, yet better DIWED that can be used to certify
the entanglement depth of these states for arbitrary n ≥ 4.
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Evidently, it would be desirable to determine the tight,
quantum (n−1)-producible bounds for the family of n-partite
Bell expressions that we have constructed for the ring graph
states as well as that for the fully connected graph states. This
would allow one to address the conjecture that there is always
a gap between these bounds and the quantum maximum of
n + 1. In the same spirit, finding a simple, systematic con-
struction of DIWED for the linear graph states would be more
than welcome.
Admittedly, a drawback of the construction that we have
presented for graph states is there is always only a constant
gap of two between the local bound and the quantum maxi-
mum. This means that as n increases, the white-noise robust-
ness of these DIWEDs would decrease with n. To cope with
that, one could consider, instead, three-setting DIWEDs based
on the construction discussed in Sec. IV B. Some explicit ex-
amples of this can be found in Appendix G. Which (among
these two) kinds of DIWEDs would be more favorable in an
actual experimental situation? Answering this clearly requires
a separate investigation taking into account various experi-
mental constraints, a problem that is already outside the scope
of the present work.
Note added. Recently, we became aware of the work of
Ref. [52] which also discussed the construction of two-setting
Bell inequalities that are maximally violated by given graph
states.
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Appendix A: Local bound
Before giving the proofs of local bounds, let us remind that
L is a convex polytope and that the Bell expressions consid-
ered here are linear in En(~x) (and thus in ~P ). Therefore a
maximization of these Bell expressions over ~P ∈ L can al-
ways be attained by considering only the extreme points of
L, i.e., local deterministic probability distributions satisfying
En(~x) =
∏n
i=1E1(xi) and E1(xi) = ±1 for all i and all xi.
1. For the Bell expressions given in Eq. (11)
We now give a proof that the maximal value of
Sn,γ := γ
2n
 ∑
~x∈{1,2}n
En(~x)
− En(~2n), 0 < γ ≤ 2,
(11)
over the set of Bell-local correlations L is 1. For local deter-
ministic distributions, the first term of Sn,γ simplifies to
γ
2n
∑
~x
En(~x) =
γ
2n
∑
~x
n∏
i=1
E1(xi) =
γ
2n
n∏
i=1
[∑
xi
E1(xi)
]
.
(A1)
There are now two distinct cases to consider. Firstly, if
E1(xi = 1) = −E1(xi = 2) for any i = 1, 2, . . . , n, then
the above expression vanishes. Sn,γ is then maximized by
having an odd number of parties setting E1(xi = 2) = −1,
thereby giving the value 1 as its maximum.
On the other hand, if E1(xi = 1) = E1(xi = 2) for all
i, then Eq. (A1) becomes ±γ. There are now two subcases
to consider, either an even or an odd number of parties set
E1(xi = 2) = −1 [while the rest set E1(xi = 2) = 1]. In
the even case, Sn,γ = γ − En(~2n) = γ −
∏n
i=1E1(xi =
2) = γ − 1 ≤ 1 since γ ≤ 2. For the odd case, we have
Sn,γ = −γ + 1 < 1 since γ > 0. All in all, we thus see that
Sn,γ is upper bounded by 1 for ~P ∈ L whenever γ ∈ (0, 2]
and that this bound is attainable.
2. For two-outcome Bell inequalities based on GHZ paradox
We now give a proof of the following Bell inequality:
En(~x
′
)+En(~x
′′
)+ ...+En(~x
′′···′)−En(~y)
L≤ m−1. (27)
Again, it suffices to consider local extremal strategies for this
purpose. By construction,
En(~y) = En(~x
′
)En(~x
′′
) · · ·En(~x′′···′). (A2)
If Eq. (24) holds, it follows that En(~y) = 1, thus showing
that the value ofm−1 is attainable by Bell-local correlations.
Suppose instead that ` of the m of these correlators take value
−1 thenEn(~y) equals to (−1)`. The left-hand side of Eq. (27)
is thus m− 2`− (−1)` < m− 1 since ` > 1 by assumption.
This concludes the proof of the Bell inequality of Eq. (27).
The local bound of the Bell expressions IFGn ,
IFGn = En(1, 2, 2, . . . , 2)+ ′ −En(~13,~2n−3), (37)
can be shown in a similar way. First, let us consider
the case where the first n terms of IFGn is 1. The
constraints of En(1, 2, 2, . . . , 2) = En(2, 1, 2, . . . , 2) =
En(2, 2, 1, 2, . . . , 2) = 1 imply that En(~13,~2n−3) = 1 and
one obtains n− 1 for IFGn . Now, if ` among the first 3 terms
and l from the remaining n − 3 terms are −1, then one gets
n − 2` − 2l − (−1)` < n − 1 for IFGn , thus showing that
n− 1 is the local bound of IFGn .
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Appendix B: Quantum bounds of the Bell expressions given in
Eq. (11)
Here, we provide the analytic expression of the optimal pa-
rameter φ∗n alluded to right after Eq. (14), and the correspond-
ing maximal quantum value SQ,∗n,γ for n = 2, 3, 4, and 5.
While the analytic expression for some of the larger values of
n can also be computed, e.g., using Mathematica, they are too
complicated to be included here. With formulas listed in Ta-
ble III, one can easily verify the difference between SQ,∗k,γ and
SQ,∗k+1,γ for k = 2, 3, 4.
n φ∗n(rad) SQ,∗n,γ
2 2 arctan
(−√3− γ) 2√
4−γ
3 arctan
(
4
√
4−γ
γ
)
8+γ
8−γ
4 2 arctan(−
√
10−γ−√20+γ√
6+
√
20+γ
) γ( 1
6−√20+γ )
5
2 − cos(5 arctan −
√
10−γ−√20+γ√
6+
√
20+γ
)
5 2 arctan(
√
16−γ−√64+6γ
−
√
16+
√
64+6γ
) 128
√
64+6γ+γ(224+γ+12
√
64+6γ)
(−32+γ)2
TABLE III. The analytic expression of φ∗n and SQ,∗n,γ for n = 2, 3, 4, 5.
Appendix C: Construction of IRGn
To see that the inequalities obtained from Eq. (32) require only two measurements per party, we provide here the explicit form
of all the stabilizers involved and the corresponding correlator En(~x). Specifically, for odd n, we have
g1 = X1 Z2 I3I4 . . . In−2 In−1 Zn ⇒ En(1, 2,∅, . . . ,∅, 2),
g2 = Z1 X2 Z3I4 . . . In−2 In−1 In ⇒ En(2, 1, 2,∅, . . . ,∅),
...
gn−1 = I1 I2 I3I4 . . . Zn−2 Xn−1 Zn ⇒ En(∅, . . . ,∅, 2, 1, 2),
gn = Z1 I2 I3I4 . . . In−2 Zn−1 Xn ⇒ En(2,∅, . . . ,∅, 2, 1),∏n
i=1 gi = (−1)n−2X1 X2 . . . Xn−1 Xn ⇒ −En(~1n),
(C1)
where we have followed the convention of mapping a stabilizer to the corresponding correlator mentioned in the paragraph after
Eq. (32). Note that only X and Z are involved in all the stabilizers of Eq. (C1).
For n = 4, we have:
g4 = Z1 I2 Z3 X4 ⇒ E4(2,∅, 2, 1),
g1g4 = Y1 Z2 Z3 Y4 ⇒ E4(1, 2, 2, 2),
g2g4 = I1 X2 I3 X4 ⇒ E4(∅, 1,∅, 1),
g3g4 = Z1 Z2 Y3 Y4 ⇒ E4(2, 2, 1, 2),∏3
i=1 gi = −Y1 X2 Y3 I4 ⇒ −E4(1, 1, 1,∅),
(C2)
whereas for n = 6, we have:
g6 = Z1 I2 I3 I4 Z5 X6 ⇒ E6(2,∅,∅,∅, 2, 1),
g1g6 = Y1 Z2 I3 I4 Z5 Y6 ⇒ E6(1, 2,∅,∅, 2, 2),
g2g6 = I1 X2 Z3 I4 Z5 X6 ⇒ E6(∅, 1, 2,∅, 2, 1),
g3g6 = Z1 Z2 X3 Z4 Z5 X6 ⇒ E6(2, 2, 1, 2, 2, 1),
g4g6 = Z1 I2 Z3 X4 I5 X6 ⇒ E6(2,∅, 2, 1,∅, 1),
g5g6 = Z1 I2 I3 Z4 Y5 Y6 ⇒ E6(2,∅,∅, 2, 1, 2),∏5
i=1 gi = −Y1 X2 X3 X4 Y5 I6 ⇒ −E6(1, 1, 1, 1, 1,∅).
(C3)
For even n > 6, it can be deduced from the above example that only Y1, Z1, Xj , Zj for j = 2, . . . , n − 2, Yn−1, Zn−1,
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Xn, and Yn are involved in the sum of the Bell operator. The
resulting Bell expression is thus again one that involves only
two measurement settings per party.
Appendix D: Constructions of ILGn
Here, we provide the explicit form of the stabilizers leading
to the various ILGn presented in Sec. IV C 3. Throughout,
the corresponding Bell operator is always the sum of all the
stabilizers listed.
For n = 5, we have
g3 = I1 Z2 X3 Z4 I5,
g5 = I1 I2 I3 Z4 X5,
g1g5 = X1 Z2 I3 Z4 X5,
g1g3g4 = X1 I2 Y3 Y4 Z5,
g1g2g3g4 = Y1 X2 X3 Y4 Z5,
g1g2g3 = −Y1 X2 Y3 Z4 I5.
(D1)
Thus, only X1, Y1, X2, Z2, X3, Y3, Y4, Z4, X5, and Z5 are
involved in BLG5 . As mentioned in Sec. IV C 3, there could
be more than one subset of S(G) that would achieve our goal.
An example of this for |LG5〉 is given by:
B′LG5 = g1 + g3 + g5 + g1g3g4 + g2g3g5 + g2g3g4, (D2a)
where
g1 = X1 Z2 I3 I4 I5,
g3 = I1 Z2 X3 Z4 I5,
g5 = I1 I2 I3 Z4 X5,
g1g3g4 = X1 I2 Y3 Y4 Z5,
g2g3g5 = Z1 Y2 Y3 I4 X5,
g2g3g4 = −Z1 Y2 X3 Y4 Z5.
(D2b)
Thus, only X1, Z1, Y2, Z2, X3, Y3, Y4, Z4, X5, and Z5 are
involved in B′LG5 . Using the default convention, we arrive at
the following Bell expression:
I ′LG5 :=E5(1, 2,∅,∅,∅) + E5(∅, 2, 1, 2,∅)
+ E5(∅,∅,∅, 2, 1) + E5(1,∅, 2, 1, 2)
+ E5(2, 1, 2,∅, 1)− E5(2, 1, 1, 1, 2),
(D2c)
which gives a Bell inequality inequivalent to Eq. (38). The
k-producible bounds of I ′LG5 are listed in Table IV.
1-prod. 2-prod. 3-prod. 4-prod. 5-prod.
I ′LG5 4 ‡4 2
√
2+2 2
√
2+2 *6
TABLE IV. Summary of the k-producible bounds of I′LG5 . Entries
marked with ‡ have been numerically verified to be achievable with
k-producible quantum states. By construction, the Tsirelson bounds
(marked with ∗, i.e., the n-producible bounds) are always tight. Note
that, apart from the presented 1-producible bound and the Tsirelson
bound, the analytic expressions are extracted from our numerical op-
timization.
Finally, for n = 6, we have
g4 = I1 I2 Z3 X4 Z5 I6,
g5 = I1 I2 I3 Z4 X5 Z6,
g6 = I1 I2 I3 I4 Z5 X6,
g2g5 = Z1 X2 Z3 Z4 X5 Z6,
g2g3g5 = Z1 Y2 Y3 I4 X5 Z6,
g1g2g4g6 = Y1 Y2 I3 X4 I5 X6,
g1g2g3g5 = −Y1 X2 Y3 I4 X5 Z6.
(D3)
Thus, only Y1, Z1, X2, Y2, Y3, Z3, X4, Z4, X5, Z5, X6, and
Z6 are involved in BLG6 .
Appendix E: Bell operators for graph states with up to six
parties
Here, we provide the explicit form of the stabilizers lead-
ing to the various IGi presented in Sec. IV C 3. As above,
the corresponding Bell operator is always the sum of all the
stabilizers listed.
For BG3, we have:
g4 = I1 I2 Z3 X4 Z5,
g1g5 = Y1 I2 I3 Z4 Y5,
g2g3 = Z1 Y2 Y3 Z4 Z5,
g2g4 = Z1 X2 I3 X4 I5,
g2g5 = I1 Y2 Z3 Z4 Y5,
g1g2g3 = −Y1 X2 Y3 Z4 I5.
(E1)
Thus, only Y1, Z1, X2, Y2, Y3, Z3, X4, Z4, Y5, and Z5 are
involved in BG3.
For BG4, we have:
g2 = Z1 X2 I3 Z4 I5 I6,
g4 = I1 Z2 Z3 X4 I5 Z6,
g6 = I1 I2 I3 Z4 Z5 X6,
g1g3 = Y1 Z2 Y3 Z4 Z5 I6,
g3g5 = Z1 I2 Y3 Z4 Y5 Z6,
g1g2g4g5g6 = −Y1 X2 Z3 X4 Y5 X6.
(E2)
Thus, only Y1, Z1, X2, Z2, Y3, Z3, X4, Z4, Y5, Z5, X6, and
Z6 are involved in BG4.
Appendix F: Uselessness of Bell expressions with only one input
for some of the parties
In our construction, the Bell operator which naturally suits
the corresponding graph state is constructed by choosing a
subset from the stabilizer set such that a GHZ paradox can be
shown. Among these choices, some of the resulting Bell op-
erators require only one measurement setting for some of the
parties. For example, if gn in Eq. (36) for n ≥ 4 is removed,
the corresponding Bell operator gives exactly a Bell expres-
sion of this kind. When n = 4, this leads to the following Bell
operator:
X1Z2Z3Z4+Z1X2Z3Z4+Z1Z2X3Z4−X1X2X3Z4, (F1)
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where the last party only needs to perform Z measurement
while the remaining parties need to perform two measure-
ments {X,Z}. In this case, even though the Bell expression
can still witness the nonlocality of the graph state, it will gen-
erally not serve as a good DIWED to certify the genuine n-
partite entanglement present in this state. As we show below,
assuming some mild condition holds, the 2-separable bound
for such Bell expressions always coincides with the Tsirelson
bound, i.e., one can always find a 2-separable quantum state
ρ reproducing the same maximal quantum violation given by
|G〉, thus showing that the corresponding DIWED fails to put
a tight lower bound on the ED of the corresponding graph
state.
For concreteness, without loss of generality, consider the
case where a Bell expression constructed from our procedure
for the graph state |G〉 is such that the last party only performs
one measurement. To exhibit the claimed GHZ paradox, this
fixed measurement M is identified as one of the Pauli observ-
ables {X, Y, Z}. Let us denote the +1-eigenvalue eigenstate
ofM by |+〉M and the (n−1)-partite (unnormalized) state ob-
tained by successfully projecting the last subsystem to |+〉M
by
ρn=|+〉M = trn
[|G〉〈G| (⊗n−1j=1 Ij ⊗ |+〉〈+|M)] , (F2)
where trn denotes the partial trace over the nth party. Hence-
forth, we are going to make the mild assumption that the
probability of successfully performing the above projection
is nonzero, i.e., ρn=|+〉M 6= 0. Under this assumption, we will
see that the normalized biseparable state:
ρ :=
ρn=|+〉M ⊗ |+〉〈+|M
tr ρn=|+〉M
, (F3)
reproduces the same correlation as that given by |G〉 in es-
tablishing the GHZ paradox, thus making the corresponding
DIWED useless for identifying the right entanglement depth
of |G〉.
There are now two cases to consider: one in which the sta-
bilizer si considered involves a Pauli observable for the last
party and the other being that the stabilizer si considered acts
trivially on the last party. We may combine the two cases by
writing si = ⊗n−1j=1Mj ⊗M with M,Mj ∈ {X,Y, Z, I}, then
tr(ρsi) =
tr
[
ρn=|+〉M ⊗ |+〉〈+|M(⊗n−1j=1Mj ⊗M)
]
tr ρn=|+〉M
=
tr
[
ρn=|+〉M
(⊗n−1j=1Mj)]
tr ρn=|+〉M
=
tr
[|G〉〈G| (⊗n−1j=1 Ij ⊗ |+〉〈+|M) (⊗n−1j=1Mj ⊗ I)]
tr ρn=|+〉M
=
tr
[
si|G〉〈G|
(⊗n−1j=1 Ij ⊗ |+〉〈+|M)]
tr ρn=|+〉M
=
tr
[|G〉〈G| (⊗n−1j=1 Ij ⊗ |+〉〈+|M)]
tr ρn=|+〉M
= 1,
where the second equality follows by tracing out the last
Hilbert space, the third equality follows by using the defini-
tion of ρn=|+〉M and expressing the trace in the n-qubit Hilbert
space, the fourth equality follows by invoking the cyclic prop-
erty of trace and noting that M2 = I, M|+〉〈+|M = |+〉〈+|M,
the fifth equality is a consequence of |G〉 being an eigenvec-
tor of si with eigenvalue 1, and the last equality follows from
the definition of ρn=|+〉M . Since the Bell operator is the sum
of all chosen si, and with the properties of ρ shown above,
the 2-separable bound attained by ρ must coincide with the
Tsirelson bound.
Appendix G: Three-setting DIWED
We give here an illustration of how one can obtain IallG from
Eq. (23). We use the tripartite ring graph state |RG3〉 to pro-
vide an explicit example, for the other states considered, we
merely provide the corresponding Bell expression.
As mentioned in Sec. IV B, the construction of the Bell op-
erator involves all the 2n stabilizers of an n-partite graph state.
For |RG3〉, the elements of S(RG3) are:
s1 = X1Z2Z3 = g1,
s2 = Z1X2Z3 = g2,
s3 = Z1Z2X3 = g3,
s4 = −X1X2X3 = g1g2g3,
s5 = Y1Y2I3 = g1g2,
s6 = Y1I2Y3 = g1g3,
s7 = I1Y2Y3 = g2g3,
s8 = I1I2I3.
(G1)
By associating the Pauli matricesXi, Yi, Zi and identity oper-
ator Ii, respectively, with the 1st, 2nd, 3rd measurement and∅
of each party, each term in Eq. (G1) is mapped to a correlator
E3(a, b, c), thus giving the Bell inequality IallRG3:
IallRG3 :=E3(3, 1, 3)− E3(~13) + E3(2, 2,∅) + 1+ 
L≤ 6,
(G2)
where  is used throughout this appendix to denote the ad-
ditional (4) terms that have to be included to make the Bell
expression invariant under arbitrary cyclic permutation of par-
ties, and the constant term E3(∅,∅,∅) = 1 has been left as
part of the Bell expression for clarity. The local bound (equiv-
alently, the 1-producible bound) of the Bell expression is ex-
tracted from Ref. [47]. Note that when mapping a stabilizer
to a correlator, as with the two-setting DIWEDs, we take the
sign of each term into account when we go from Eq. (G1) to
Eq. (G2).
Similar constructions can be obtained for |RGn〉 and |LGn〉
with n up to 5. For IallRG4 , we have:
IallRG4 := E4(3, 1, 3,∅) + E4(3, 2, 2, 3) + E4(1,∅, 1,∅)
− E4(2, 1, 2,∅) + E4(~14) + 1+ 
L≤ 12, (G3)
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where  represents another 10 terms to be included to ensure
the cyclic symmetry of the Bell expression.
For IallRG5 , we have:
IallRG5 :=E5(3, 1, 3,∅,∅) + E5(3, 2, 2, 3,∅) + E5(1,∅, 1, 3, 3)
−E5(2, 1, 2, 3, 3) + E5(2, 2,∅, 1,∅) + E5(2, 1, 1, 2,∅)
−E5(~15) + 1+ 
L≤ 20, (G4)
where  represents another 24 terms to be included to ensure
the cyclic symmetry of the Bell expression.
For IallLG5 , we have:
IallLG5 :=E5(1, 3,∅,∅,∅) + E5(3, 1, 3,∅,∅) + E5(∅, 3, 1, 3,∅)
+E5(2, 2, 3,∅,∅) + E5(3, 2, 2, 3,∅) + E5(1,∅, 1, 3,∅)
+E5(1, 3, 3, 1, 3) + E5(1, 3,∅, 3, 1) + E5(3, 2, 1, 1, 2)
+E5(3, 1,∅, 1, 3)− E5(2, 1, 2, 3,∅) + E5(2, 2,∅, 1, 3)
+E5(2, 2, 3, 3, 1) + E5(1,∅, 2, 2, 3) + E5(1,∅, 1,∅, 1)
−E5(3, 2, 1, 2, 3)− E5(2, 1, 2,∅, 1) + E5(2, 2,∅, 2, 2)
−E5(2, 1, 1, 1, 2) + 1+↔
L≤ 20,
(G5)
where↔ represents another 12 terms that have to be included
to ensure that the Bell expression is invariant under the “flip”
symmetry, i.e., the simultaneous permutation of party j with
party n+ 1− j for all j = 1, 2, . . . , bn2 c.
The k-producible bounds of these inequalities are summa-
rized below in Table V.
1-prod. 2-prod. 3-prod. 4-prod. 5-prod.
IallRG3 6 ‡2
√
2 + 4 *8 - -
IallRG4 12 ‡12 ‡12 *16 -
IallRG5 20 ‡20 ‡20 ‡21.8564 *32
IallLG5 20 ? ? ? *32
TABLE V. Summary of upper bounds on the quantum k-producible
bounds of IallRGn and IallLGn for n up to 5. The entries marked with “?"
are those where we have not succeeded (so far) in obtaining a reliable
upper bound by solving the corresponding semidefinite programs.
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